In this paper a finite element method is presented to study the effects of delamination on free vibration characteristics of graphite-epoxy composite pretwisted rotating shells. Lagrange's equation of motion is used to derive the dynamic equilibrium equation and moderate rotational speeds are considered wherein the Coriolis effect is negligible. An eight noded isoparametric plate bending element is employed in the formulation incorporating rotary inertia and effects of transverse shear deformation based on Mindlin's theory. To satisfy the compatibility of deformation and equilibrium of resultant forces and moments at the delamination crack front, a multipoint constraint algorithm is incorporated which leads to unsymmetric stiffness matrices. Parametric studies are performed in respect of location of delamination, fibre orientation, rotational speed and twist angle on natural frequencies of cylindrical shallow shells. Numerical results obtained for symmetric and unsymmetric laminates are the first known non-dimensional frequencies for the analyses carried out here.
Introduction
Pretwisted shells are structural elements of considerable technical significance as turbomachinery blades with low aspect ratio could be idealized as twisted rotating cantilever cylindrical shells or plates (Fig. 1) . Extensive practical uses of pretwisted shells can be found in aerospace, mechanical and marine industries. In a weight sensitive application such as turbomachinery engine, composite materials are advantageous because of their light weight, high specific stiffness and high specific strength, but one of the major causes of failure in fibre-reinforced laminated composites is the delamination resulting from interlaminar debonding of constituting laminae. Delamination of a critical size can result in strength degradation and can promote instability of the structure. The delaminated structure also exhibits new vibration characteristics depending on size and location of the delamination. The presence of invisible delamination can be detected with the help of prior knowledge of natural frequencies for a composite containing delamination. Moreover, the initial stress system in a rotating shell due to centrifugal body forces affects natural frequencies appreciably. Failures of turbomachinery blades due to fatigue are predominantly the consequence of resonant vibrations resulting in large operating stresses and can be quite costly both in terms of safety and maintenance of turbine engines. In general, it is conceded that nearly all the vibrations of the blades are closely related to their natural frequencies. Hence, as a precursor to the application of twisted composite shells in the critical parts of aero-engines an extensive knowledge Fig. 1 A twisted cantilever plate of these natural frequencies is essential in order to prevent vibration induced fatigue failures and thereby to ensure long life structurally sound blades.
So far there have been a few investigations related to laminated composite cantilever plates and shells with initial twist and consequently, the research findings in this area are limited and scanty. The pioneering work on pretwisted composite plates (1) involved the determination of the non-dimensional natural frequencies of stationary plates using the laminated shallow shell theory in conjunction with the Ritz method, while two earlier investigations (2) , (3) provided the first known results on natural frequencies of rotating composite plates. The analyses of rotating composite blades using the plate model (4) - (6) focussed, respectively on the derivation of two approximate analytical models for determining the stress-strain field, the details of fabrication and experimentation for determining natural frequencies and steady state strain along with the effect of rotational speed on it and the vibration characteristics including geometric nonlinearity. These works addressed undamped free vibration only, but an attempt was made to study the effect of damping on vibration behaviour of stationary pretwisted blades of glass fibre reinforced plastics (7) . Later on, the first known threedimensional continuum vibration analysis (8) including full geometric nonlinearities and centrifugal accelerations in the composite blade kinematics was carried out employing the Ritz method. There exists a good number of references on numerical models and experimental investigations of turbomachinery blades idealized according to the Timoshenko theory of beam. It has been found that the application of beam theory is far from straight forward and extracts limited information only. This led to summarize the quantitative comparison of natural frequencies of metal matrix composite pretwisted blades in stationary condition using beam and plate theories (9) . Although the finite element method is a powerful numerical technique for analyzing the natural frequencies of complicated structures, the combined effect of rotation and pretwist on composite plates was not demonstrated in the above mentioned works. Idealization of turbomachinery blades from this angle was aimed at recently (10) , (11) . In the first investigation a nonlinear finite element technique was introduced for analysing the nonlinear static deflection and vibration behaviour of spinning pretwisted composite plates, while in the second one a nine noded threedimensional degenerated composite shell element was developed to study the effects of important kinematical parameters on free vibration characteristics of pretwisted rotating composite plates. Of late, the cylindrical shell model was utilized to carry out the free vibration analyses of rotating composite blades with initial twist (12) . Regarding delamination model two worth mentioning investigations were carried out. It included analytical and experimental determination of natural frequencies of delaminated composite beams (13) and the second one dealt with finite element treatment of the delaminated composite cantilever beam and plate (14) for free vibration analyses. Although delamination is one of the most feared damage modes in laminated composites the impact behaviour of delaminated structures has been addressed only in two investigations (15) , (16) wherein simply supported plates with single and multiple delamination were considered for the analyses.
Therefore, considering the open literature it is clear that no attention has been paid to the initially stressed delaminated composite plates or shells. To the best of the authors' knowledge there is no literature available, which deals with delaminated composite pretwisted rotating shells. The present work is aimed at investigating the free vibration characteristics of graphite-epoxy composite pretwisted rotating shallow shells with delamination. An eight noded isoparametric plate bending element is employed in the finite element formulation. Effects of transverse shear deformation based on Mindlin's theory and rotary inertia are included. The undelaminated region is modelled by a single layer of plate elements, while the delaminated region is modelled by two layers of plate elements whose interface contains the delamination. To ensure the compatibility of deformation and equilibrium of resultant forces and moments at the delamination crack front a multipoint constraint algorithm (17) is incorporated which leads to unsymmetric element stiffness matrices. The standard eigenvalue problem is solved by QR iteration algorithm (18) . Natural frequencies of pretwisted rotating cylindrical shallow shells with delamination are obtained, and the studies mainly focus on the influence of stacking sequence and location of delamination. This paper presents a finite element based numerical approach for natural frequency determination of composite pretwisted rotating shallow shells having delamination without taking care of the effect of dynamic contact between delaminated layers.
Theoretical Formulation
A shallow shell is characterized by its middle surface which is defined by the equation (19) 
where R x , R y and R xy denote the radii of curvature in the x and y directions and the radius of twist, respectively. The radius of twist (R xy ), length (L) of the shell and twist angle (φ) are related by the expression
The dynamic equilibrium equation for moderate rotational speeds is derived employing Lagrange's equation of motion and neglecting Coriolis effect the equation in global form is expressed as (20) [M]{δ} (21) - (23) upon solving
The matrix of angular velocity components contributing towards acceleration vector is given as (20) , (23) [
The element centrifugal force vector is given by (20) , (23) 
where {ρ} is the mass density, [N] stands for the shape function matrix and {h x ,h y ,h z } are the fixed translational offsets expressed with reference to the plate coordinate system (20) . The element geometric stiffness matrix (24) due to rotation is given by
where the matrix [G] consists of derivatives of shape functions and [M σ ] is the matrix of initial in-plane stress resultants caused by rotation. The natural frequencies are determined from the standard eigenvalue problem (18) which is represented below and is solved by QR iteration algorithm.
[A]{δ} = λ{δ} where
and λ = 1/ω 2 n (8) Figure 2 shows the plate elements at a delamination crack front. The nodal displacements of elements 2 and 3 at the crack tip are expressed as (17) 
1 Multipoint constraints
w j = w j where u j , v j and w j are the mid-plane displacements, z j is the z coordinate of the mid-plane of element j and θ x , θ y are the rotations about x and y axes, respectively. The above equation also holds for element 1 with z 1 equal to zero. The transverse displacements and rotations at a common node have values expressed as (17) Fig. 2 Plate elements at a delamination crack tip
The in-plane displacements of all three elements at the crack tip are equal and they are related as (17) 
where u 1 is the mid-plane displacement of element 1.
Equations (10), (11) and (12) relating the nodal displacements and rotations of elements 1, 2 and 3 at the delamination crack tip, are the multipoint constraint equations used in the finite element formulation to satisfy the compatibility of displacements and rotations. Mid-plane strains between elements 2 and 3 are related as (17) 
where {κ} is the curvatures vector being identical at the crack tip for elements 2 and 3. This equation can be considered as a special case for element 1 when z 1 is equal to zero. The in-plane stress resultants, {N} and the moment resultants, {M} of elements 2 and 3 can be expressed as (17) (15) where [A], [B] and [D] are the extension, bendingextension coupling and bending stiffness coefficients of the composite laminate, respectively. The resultant forces and moments at the delamination front for the elements 1, 2 and 3 satisfy the following equilibrium conditions
where {Q} denotes the transverse shear resultants. An eight noded isoparametric quadratic plate bending element with five degrees of freedom at each node (three translations and two rotations) is employed wherein the shape functions are given as (18) 
where ξ and η are the local natural coordinates of the element.
Results and Discussion

1 Comparison of results
The results obtained from the computer codes developed on the basis of present finite element modelling are validated with those in the literature. Tables 1 and 2 furnish the non-dimensional fundamental frequencies of the graphite-epoxy composite twisted plates (1) with different fibre orientation and the isotropic flat rotating cantilever plate (23) , respectively. Figure 3 presents the spanwise variation of the first natural frequency of the composite cantilever beam with relative position of the delamination (14) . The predictive capability of the computer programs in respect of twisted, rotating and delamination models is confirmed. It is observed from the convergence study that uniform mesh divisions of 6 × 6 and 8× 8 considering the complete planform of the shell provide nearly equal results the difference being well within one percent (1%). The lower mesh size (6 × 6) consisting of 36 elements and 133 nodes, has been used for the analyses due to computational efficiency. The total number of degrees of freedom involved in the computation is 665 as each node of the isoparametric element is having five degrees of freedom comprising of three translations and two rotations.
2 Parametric study
Parametric studies are performed in respect of location of delamination, fibre orientation, rotational speed and twist angle on natural frequencies of shallow shells. The characters Ω, ω o , ρ, L, b, h and d represent the actual angular speed of rotation, fundamental natural frequency of a non-rotating shell, density, length, width, thickness and distance of the centreline of delamination from the clamped (fixed) end, respectively. The following material properties of graphite-epoxy composite (25) are adopted for computation for a unidirectional layer (Fig. 4) :
The principal material axes of a lamina are assumed to lie along and transverse to the fibre direction, which are indicated by 1 and 2, respectively. Young's moduli of a lamina along these two directions are E 1 and E 2 , respectively and shear moduli in the 1 -2, 2 -3 and 1 -3 planes are denoted by G 12 , G 23 and G 13 , respectively. For a particular layer when fibres are oriented at an angle θ with respect to the x-axis, the off-axis elastic constant matrix of the lamina is obtained from the on-axis elastic constant matrix by appropriate transformation (26) . For a laminated anisotropic plate of uniform thickness consisting of unidirectional laminae bonded together to act as an integral part (Fig. 5) , the mid-plane forms the x -y plane of the reference plane and the displacement components of any point at a distance z from the mid-surface are expressed in terms of the mid-plane displacements according to Yang, Norris and Stavsky theory (27) which is an extension of Mindlin's theory (28) . The stresses in any lamina are finally expressed in terms of the laminate mid-surface strains, curvatures and shear rotations. The internal force and moment resultants of the laminate are obtained by integrating the stresses and their products with z-coordinates in each lamina through the laminate thickness, as in the classical plate theory.
2. 1 Stacking sequence
Non-dimensional fundamental frequencies of four layers [θ, −θ, −θ, θ] graphiteepoxy composite rotating cylindrical shells for a particular size of delamination are furnished in Table 3 for different twist angles. Some aspects of these results are also presented in graphical form in Figs. 6 and 7. Shells with 33% mid-plane delamination centered at a relative distance, d/L = 0.33 from the fixed end are considered for the analyses. At stationary condition for cantilever cylindrical shells non-dimensional frequencies for both undelaminated and delaminated cases are observed to attain the maximum value for fibre angle of 15
• and gradually decrease to a minimum value for θ = 90
• . For non-rotating delaminated twisted cylindrical shells the frequency value is always found to be the maximum when the fibres are perpendicular to the clamped edge (i.e. θ = 0 • ), but it decreases with the increase in fibre angle (θ) with the min- 
45
• ) than 50% of those at θ = 0
• , but unlike the composite twisted plates (1) the percentage reduction in frequency values at θ = 90
• compared to those at θ = 0 • increases with twist angle. A specific trend against the variation of fibre orientation could be observed in respect of the reduction in frequency values of delaminated non-rotating shells compared to those of the undelaminated cases ( Fig. 6 ) and maximum reduction is obtained for fibre angle of 45
• ). For fibre orientations below 45
• frequency reduction has an increasing trend while for the fibre angles above 45
• it shows a decreasing nature.
Irrespective of the fibre angle frequency parameter always increases with increase in rotational speed for delaminated twisted shells but this trend is found only for θ = 0
• , 30
• in case of cantilever shells as was obtained earlier for isotropic cantilever plates for moderate rotational speeds (23) . The stiffening effect arising out of the centrifugal forces leads to greater values of frequencies compared to the undelaminated cases even within the lower speed range (Ω = 0.25, 0.5). For a particular value of twist angle (i.e. φ = 15
• , 45
• ) it is observed that the minimum value of non-dimensional fundamental frequency is always obtained at θ = 90
• corresponding to each of the non-dimensional speeds of rotation (i.e. Ω = 0.25, 0.5, 0.75, 1.0). In case of delaminated twisted shells (φ = 15
• ) the variations of fundamental rotating frequencies relative to those at stationary condition show a specific pattern against the change in fibre orientation ( Fig. 7 (a) -(c) ). It is to be noted that for any particular value of twist angle the stiffening effect due to centrifugal forces is always minimum when the fibre angle is zero degree (i.e. θ = 0 • ) corresponding to each non-dimensional speed of rotation, but this effect is seen to increase to a maximum value followed by a decreasing trend. Maximum percentage increase of rotating frequency with respect to that at stationary condition is found at θ = 60 • ,
• and 60
• corresponding to φ = 15
• and 45
• , respectively. It is also to be observed that the centrifugal stiffening increases with the increase in twist angle. It is interesting to note that the reduction in stiffness due to delamination can well be compensated by the geometric stiffness due to centrifugal rotation. Table 4 presents the non-dimensional second frequencies of shells of a particular size of delamination corre- Table 4 Figures 8 and 9 also provide graphical interpretation of some salient features of these results. At stationary condition for cantilever cylindrical shells non-dimensional second frequencies for both undelaminated and delaminated cases attain the maximum value for fibre angle of 30
• unlike the fundamental ones and gradually decrease to a minimum value for θ = 90
• .
On the other hand for the non-rotating twisted shells with In contrast to the isotropic cases (19) the second frequency at stationary condition for both the delaminated and undelaminated shells does not increase with the angle of twist, as for example the maximum second frequency is obtained for φ = 15
• with fibres at θ = 30
• , but the maximum percentage reduction in the second frequency parameter considering different fibre angles increases with the increase of twist angle. Unlike the fundamental frequency, the maximum reduction in second frequency values of delaminated non-rotating shells compared to those of the undelaminated cases is obtained for fibre angle of 30
• in which case this occurs for θ = 45
• (Fig. 8 ).
For delaminated twisted shells (φ = 15
the second frequency parameters like the fundamental frequencies always increase with the increase in rotational speed irrespective of the fibre angle. It is to be noted that corresponding to any particular combination of twist angle and non-dimensional speed of rotation the second frequency parameter has in general a maximum value at θ = 0 the stiffening effect is seen to increase to a maximum value followed by a decreasing trend and the maximum percentage increase of rotating frequency with respect to that at stationary condition is found for fibre angle of 45 • or 60
• (i.e. at θ = 45
• or 60 • ). Even for the second frequency it is 
also observed that the centrifugal stiffening increases with the increase in twist angle.
2. 2 Location of delamination
The variation of non-dimensional fundamental and second frequencies of angle ply [45, −45, −45, 45] graphite-epoxy composite pretwisted rotating cylindrical shells for different locations of the same sized delamination along the span are furnished in Tables 5 and 6 , respectively. In this case 33% delamination centered at relative distances of d/L = 0.33, 0.66 from the fixed end is considered at the interface of (45 and −45) layers. In case of twisted shells for any particular value of angle of twist fundamental and second frequency values are observed to increase with rotational speed for both the locations of delamination while at stationary condition fundamental frequency decreases with the increase in twist angle, but for second frequency the maximum value occurs at φ = 15
• . It is to be noted that as the location of delamination shifts away from the fixed end higher values of fundamental frequencies and lower values of second frequencies are observed at stationary condition both for cantilever and twisted shells. For twisted shells fundamental rotating frequencies also show the same behaviour (increase) as the delamination moves towards the free end as opposed to the inconsistent nature of the second rotating frequencies and significant variation for both the frequencies can be observed for higher values of twist angles (φ = 30 • , 45
• ). This corroborates the findings of the composite cantilever beam (14) as the location of delamination changes along its span. It is also observed that at stationary condition the percentage increase of funda- Tables 7 and 8 , respectively. The mid-plane and the interface of 1st and 2nd layers are con- 
sidered as the locations of 33% delamination which is centered at mid-span in each case. In case of stationary condition both fundamental and second frequency values are always found to be higher when the delamination is located near the free surface as obtained earlier for the composite cantilever beam (14) . For rotating condition this is also significantly noted only for twisted shells. However, at stationary condition fundamental frequency decreases with the increase in twist angle irrespective of the location of delamination across the thickness, but for the second frequency the maximum value is obtained at φ = 30
• and the cantilever shell (φ = 0 • ) provides the minimum value.
In case of twisted shells at stationary condition, the percentage change in values of the frequency near the surface with respect to that at the mid-plane increases gradually with the twist angle only in case of second frequency, but for fundamental one the maximum change (10.43%) occurs at φ = 30 • , whereas for any particular value of angle of twist fundamental and second frequency parameters increase with rotational speed for both the locations of delamination.
Conclusions
Delaminated composite twisted rotating shells provide consistent values of fundamental and second nondimensional frequencies which exhibit a rising trend with the increase of rotational speed irrespective of the fibre orientation and the location of delamination considered for the analyses.
In general, fundamental frequency parameters at stationary condition decrease with the increase in twist angle for all fibre orientations and the centrifugal stiffening is also observed to increase with the increase in twist angle.
The change in fibre angle leads to a pronounced effect on the fundamental and second frequencies. For any particular combination of twist angle and non-dimensional speed of rotation the stiffening effect due to centrifugal forces is always minimum when the fibre angle is zero degree (i.e. θ = 0
• Higher values of fundamental frequencies and lower values of second frequencies are obtained at stationary condition both for cantilever and twisted shells when the location of delamination is shifted away from the clamped end whereas the delamination near the free surface leads to higher magnitude of both the frequencies. For twisted shells fundamental rotating frequencies increase as the delamination moves towards the free end as opposed to the inconsistent nature of the second rotating frequencies, but at rotating condition both fundamental and second frequencies of twisted shells provide increased values when the dealminaton is away from the mid-plane.
The non-dimensional frequencies obtained are the first known results of the type of analyses carried out here and the results could serve as reference solutions for future investigators.
